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1 Introduction

During the interim, the application of the Fraunhofer method as =z
so-called laser diffraction technique has beccocme so widespread
that 1t may be resgarded as the dominating standard amcong modern
apprcaches. High speed and reproducibility of measurement, the
wide domain spanned by each respective measuring range, as well as
simplicity and convenience of operation are especially important
benefits for the user.

Restricticns imposed by the principle on the measurement of small
particle sizes below 5Sum have resulted in the initiation of
various developments. The purpose of these efforts is to overcoms
the lower limit of applicability, or at least to extend the range
to values decidedly below 1lum, in part by a combination with other
approaches, and in part by extension of the Fraunhofer methoed.
Diffraction spectrometers designed for measuring down to about

0.1um have become available on the market meanwhile.

The mutual interaction between 1light and small spheres 1is
described by the Mie theory, whose limiting cases can be
approximated in a simplified manner by Rayleigh scattering in the
fine range and by Fraunhofer diffraction in the coarse range. Mie
theory and Rayleigh scattering are characterized by a pronounced
dependence on the optical constants of the system under
investigation. However, these constants are usually unknown or, in
the case of mixtures of substances, for insténce, cannot even be
determined unambiguously. Furthermore, the dependence on shape is
still largely unknown, although this problem is only of

subordinate importance in the Fraunhofer range.

The fundamental considerations which Jjustify the application of
the theory of Fraunhofer diffraction in the submicron range are

explained. The manner in which reliable measurements can thus Dbe
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performed - without the knowledge of material parameters such
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the index of refraction and absorption coefifficient -

described. The capabilitiss of this technigue, which is applied in



the SYMPATEC submicron HELCS instrument, are discussed on the
basis of comparative results.

2 Fundamentals of diffraction spectrometry

Because of the references required in the following discussion,
the fundamental principles o¢f the instrument employed are first
summarized. A detailed description is given in the publications of
Heuer /1/ as well as by Heuer and Leschonski /2/.

As a rule, diffraction spectrometers are provided with an optical
arrangement, such as that illustrated in figure i. The diffracticn

aerosol
suspension
laser emulsion cletector

beam expander lens
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Figure 1: Optical arrangement for the generation of diffraction
patterns

patterns are generated in the focal plane of the 1lens located
downstream by the particles which are brought into the laser beam,

and detected by a special sensor.

The evaluation is based on the Fredholm integral equation, which
describes the intensity distribution, I{r), _of a particle
coliective by means of 1its density distribution by number, Jo(%).
The following equation applies in the focal plane of a lens, at a

distance, r, from the focal peoint:



1Xmax (l)
I(r) = J Ntot qo(x) I(r,x) dx

Xmin

I(r,z2) denotes the intensity distribution given by Airy £for a
sphere of diameter X:

I{r,x) = Io (x2n/2 £)2 (J1(z)/=z)° (2)
with
z = {nrzx/Af) (3)

The Frecdholm integral eguation can be solved 1in clossd form or
numerically. The sclution in closed form described by Shifrin /3/
and Chin /4/ utilizes the Mellin transformation 1indicated by
Titchmarch /5/ and has been applied for the first time by Bavvel
/6/. The solution therebv rsquires the differentiaticn of <
measured values weighted with the third power of the angle; thi
task has still not ©been accomplished satisfactorily. Stable
results calcultated by this method, especially in the limiting
ranges of the particle size distributions, are not known to the

authors.

211 other methods of golution utilize numerical quadrature, that
is, the transformation of the Fredhoim intergral equation to a

linear system of equations:

The luminous power, L, occurring at concentric annular de
elements situated in the focal plane cf the lens iz thereby

computed. A 1is the matrix of coefficients which can be calculated

from equation (2); its components represent +he lumincus poOwWer Ior
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inividual particles at the respective detactor rings.

vector representing the desired spherical size distribution.



Systems of linear egquations of this kind have the property of

generating sclutions of the following form, which oscillate
strongly:
g = Al L (3)

Oscillations are thereby superimpcsed on the desired particle size
distributions; these oscillations are much larger than the
distributions themselves. Hence, the svstem of linear eguations
cannot be solved in a simple manner, as described by equation (5},

since provision must alsoc be made for suppressing the

oscillations.

The simplest method of suppressing the oscillations 1s the advance
specification of an analytical function for the particle size

distribution with simultanecus minimization c¢f the error sgquares.
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The approach was realized in a few initial instruments, and is

H

part still available as an option at present. However, the set o
possible solutions 1s thus restricted to an extent which 1s not
acceptable. For example, Dbimodal distributions are no longer

recognizable in this case.

Among the numerous interative methods, those of Chahine (f7/ and
Miakynen /8/, as well as that of Provencher /9/, have presumably
been applied in two instruments. The smoothing and convergence
properties of these techniques are very different, and their
effect is difficult to appraise, since the type o©f measurements

and of data acquisition are also decisive.

A parameter-free methcd 1s the smoothed golution described by
Phillips /10/ and Twomey /11/; this approach ttilizes the
auxiliary condition that the density distribution is represented
by a "Smooth" curve. Instead of egquation (53, the following 13

obtained for the distribution density:

= (AT + YH)-! AT L (5

02
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: denotes the smoothing matrix, which can be welzatad wilh T.Z
Lagrange multiplier,'ﬁ. For a correct cholics of’Y, Wwhnose magniT



depends on the optical construction and the gquality of the data

acquisition, among other factors, parameter-free particle size

distributions can be measured by this method.

An overall survey of possible methods of scluticn is presented in

table 1.

Fundalmental principle:

Basis for evaluation

Scolutions in principle:

Fraunhofer diffracticn

Fredholm integral equation

In closed form with the applicaticn
of the Mellin transformation:

* Shifrin
* Chin
* Bayvel

Numerical Quadrature, that is,
transformation tc a svstsm oI
linear equations

Methods of suppressing oscillations:

*x Specification of an analyti-
cal function for the expected
size distributicn, for
instance:

- RRSE

x Iterative methods:
- Chahine - M&kvnen
- Provencher

* Smoothed solution
(constrained inversion):

~ Phillips
- Twomey

Taple 1: Methods of solution for the analysis of diffracts:

patterns

=
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3 Application to the submicron range

The measuring range for Fraunhofer diffraction extends from 1 to
3000um and 1is thus very wide from the start. For a further
extension to the region below 1um (submicron range), however, the
theoretical basis must first be examined. For spheres in this size
range, the solution of Maxwell's equatieons 1in closed form,
discovered by G. Mie in 1908, is applicable. This approach is now
known as the Mie theory; it describes in a fundamental manner all

interactions between light and a conductive sphere.

As illustrated in figure 2, the interactions are distinguished
with the use of the terms reflection, diffraction, refraction, and
absorption. The decisive component of diffraction 1is thereby
described by the Fraunhofer solution.

o ! l |
diffraction
absorption refraction
Y «
reflection

Figure 2: Interactions between light and a sphere /12/

The incident light is characterized by its wavelength, A, and the
radiation intensity, Io. The interactive partner is defined as a
sphere of diameter X, with the complex index of refraction,
m=n - ik, where n 1s the refraction coefficient and k 1is the
absorption coefficient. The intensity of the scattered light
depends on these parametsrs -1 I nanner governed by the scattering

function,



i=£f (8, %, A, m), (7)
where 68 represents the angle of observation (scattering angle).

The scattering behaviour is usually subdivided into three ranges,
which are delimited by the Mie parameter:

The ranges are defined and compared in table 2.

Range Scattering function Proportionality
Ravleigh << 1 i =% (8, a, m) 1= x8 /A#
"Mie" = 1 i=f (9, a, m) (1 = x2)

Fraunhofsr >> 1 -
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Table 2: Scattering ranges

The designations "far greater than" and "far less than" indicate
that the 1limits are not sharp, and that the transitions are
gradual. These ranges, and the functions which are decislve there

and indicated in table 2, are presented in figure 3.

For a scattering angle of 30 degrees, the scattering functions,
in, are plotted against the Mie parameter in a double lcgarithmic
diagramme. The curves designated by corresponding symbols exhibit
the deviations calculated for the different specified values cof
the index of refraction, m. Besides the dependence presented 1in
table 2 for the scattered light intensity on x% in the Rayleigh
range and x2 in the Fraunhofer range, the extremely pronounced
infiuence of the index of refraction, m, 1s clearly evident.
Differences ~in scattared light intensity by two crders of
magnitude and more occur over wide ranges for a single particle

size.
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Figure 3: Scattering functions, ian, for spheres with different
refraction coefficients, n, calculated with the use of
the Mie theory

The effect of the absorption coefficient, k, which has been varied
in figure 4, 1is superimposed on thigs effect. In this case,
recognizable variations are observed only for strong absorption in
the Rayleigh range; outside of this range, varilations cccur even

for slicht absorption.
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Figure 4: Scattering functions, ix, for spheres of refraction
coefficient, n, of 1.5, with different indices of ab-
sorption, k, calculated with the use of the Mie theory

The pronounced fluctuations in the so-called classical range for
diffraction spectrometers, with x greater than 1um, or a greater

than 5, are clearly evident in figures 3 and 4.

For a correct applicaticn of the Mie equations to particle size
analysis, therefore, knowledge of the complex index of refraction,
m, is an absclute prerequisite. However, the refraction
coefficient and absorption index, k are known only in exceptional
cases. A scolution is impossible for mixturss of different
materials, for ccated vparticles, and for procsasses in which the

indexz of refraction varies. Furthermore, the rsaction of the



system o¢f equations to changes 1in shape o©of the sphere is
uncertain. Moreover, the pronounced oscillations of the curves
give rise to systems of egquations which are even more unstable,
and thus to matrices whose conditioning is less favourable; this,

in turn, demands more drastic smoothing.

These effects of the index of refraction are difficult =z
overcome, and have therefors resulted in the following approaches:
The limits on the "simple" and well proven Fraunhofer evaluaticn
are examined, or an investigation is conducted to determine the
particle size for which this dependencs becomes effective, and o
which extent, as well as the degree to which the gradual 1lim

can be acceptably extended.

A preliminary consideration of the limiting case, a = 1, vyislds

the following results:

Medium Niig Anm X{a=1)}/um
Air 1 633 C,2
Water 1,33 476 0,151
Tetrachlorcethene 1,504 421 0,134
Table 3: Particle sizes, %, for the limiting cage, a =1

PR S

These results are based on the application of a He-Ne laser (wIti
a value of 0.6328 um for A).

The application to liguids, which is the dominating application 1in
the submicron range, regqguirss the adaptation of the effective

wavelength in accordance with

A =Xo/n. -

The resulting particle sizes, =, indicate that the limiting czss
e

undar consideration, « = 1, iz nct a 7 auwcssded from belcw



with the inclusion of the submicron range for =® greater than
0.1um. '

For appraising the expected deviations, the scattering function
resulting from the application of the Fraunhofer soluticon in the
range of 0,1 < a < 100 is considered and compared with that from
the Mie curves.

The Fraunhofer scattering function, ir, 1is plotted in figure 5.
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Figure 5: Scattering function, calculated from the Fraunhofer
solution



With the &application of the Fraunhofer soclution, only one
scattering function exists because of the independence of the
index of refraction over the entire range of a«. In the range of «
between 0.1 and 1, it exhibits the expected increase 1in proportion
with x¢* for small particles.

Within the range of « between 1 and 10, the first node of the
Bessel function as well as the transition to the 1incipient
increase in proportion with x2 can be recognized; in the range cof

¢ from 10 to 100, this trend continues in the connection of the
wave crests.

s 2. VLTI

n /7 [ |

F o /S Tl
x| /. |
x| A Tl
5 V L
s i/ |
% Vi
1:37//5 il

1

-
Q.

e Ty e

e
h)

c v.ioh

=

3 ¢)
"ol

-~

the Mie scattering functions of figurs 2

Figure 6: Comparison of the Fraunhofer scattering tu
- {
\

1!
[ IR )



The nodes c¢f the Bessel fuction (sgquares) is plotted in figurs 6,

in comparison with the scattering functions already presented in
figure 3 for the Mie theory.

This direct compariscn indicates that in the limiting range of «
between 1 and 10, the Fraunhofer scattering function rprasses
through the middle of the range which 1s spanned by the varied
indices of refraction bv means of the Mie sclution.

From these considerations, 1t can be concluded that an 1incorrect
assumption or restricted knowledge of the index of refraction can
result 1n a greater uncertainty for the operator than resort to a
method of evaluation hitherto regarded as not applicable 1in this
range.

4 Selected results

Numerous svstematic experiments have been conducted for testing
the function of a Fraunhofer instrument modified 1in correspocondancs
with this result in the range down to 0.1lum; several results of

these tasts are described in the present section.
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Figure 8: Measurements during grinding tests on a red pigment
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Figure 9: Measurements during grinding tests on a yellcw pigment



The results of grinding tests on three different pigments are
presented in figures 7, 8, and 9. The measurements were performed
prior to grinding and after different numbers of grinding cycles
{grcy) in stirred ball mills.

The "blue', "red", and "yellow" pigments exhibit both highly
different indices of refraction and various shapes.

The blue particles had the shape o©of vplatelets, the vellow
particles were rod-shaped, while the red particles did not exhibit
any particular recognizable shape. Nevertheless, the grinding
progress was demonstrated unambigucusly and with a high degrese of
reproducibility. The progressive decrease 1in the efficlency with

successive grinding cvcles is likewise clearly evident.

These results demonstrate conclusively that wvariations 1n th

@

particle size distributions in the submicrcn range are indicatsd

reliablv and reproducibly, at least in a gqualitative manner.

Prelimininary comparisons with other methods should provide =z
basis for reference. For gaining the closest possible access to
Napsolute" information for compariscen, the present approach has

been referred to scanning electron microscopy.

The cumulative distribution curves for specially prepared latex

free of contaminants are plotted in figure 10.

The xso values from the scanning electron micrograpis (BEM)
evaluated by Weichert /13/ by means of image analysis (IA) and
those from diffraction analysis exhibit only a very slight mutual
deviation, less than 0.02um. The broadening of the distribution on
the case of laser diffraction was expected, and occurs in the same
form with the application of the Mie solution, since this effect
results from the smocther curve shape of the scattering functicn

in this size range.

A further compariscn between SEM z2nd HELCS is shown in figure 11

N

-+ = hiue pilgment.
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Figure 10: Cumulative distribution curves for latex with HELOS and
image analysis (IA)

Besides the position, the shape, course, and width are very
typically reproduced with this broad distribution. The width of
the distribution is reproduced practically identically, whereas

the xso value is shifted by about 1.ium toward coarser values.

A detailed, conclusive comment is not yet feasible without an 1in-
depth consideration of scanning electron microscopy, especially in
view of the very elaborate preparatory technigques associated

therewith.

mhe extreme case of a distribution situated at the edge of the
measuring range, measured with HELOS on a commercial drawing 1ink,
is shown in figure 12. The distribution located at the lowermost
edge of the measuring range cinfirms the sensitivity of the
instrument even in that region. Precisely because eleven <true
measuring points ars available below 1lum, and because the points

raduated, a particle size distribution 1s £feasible even if

[$Y]
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2all particls sizes are below 0.4um, as in the preceding example,

zven i< morz than 50 per cent ars situatad below tne measuring
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Figure 11: Cumulative distribution curves for a blue pilgment,
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5 Comparison of methods

Finally, a comparison with other submicron methods is presented.
As a rule, these have been developed for use on particles smalier
than lum, and the associated measuring range is usually restricted
to the submicron region. Nevertheless, the compariscn provides an
impression of the results which c¢an be achieved with thess
instruments.

The cumulative distribution curves measured on a blue pigment bv
various methods are plotted in figure 13; these curves supplsesment
the results presented in figure 11 for HELOS and SEM.
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Figure 13: Results of measurements performed on a blue pigment (as
in figure 11) by autocorrelation, pclarization rota-
tion, centrifuge, SEM, and HELOS
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The results obtained with the autocorrelators are decidely shifted
toward finer values; thev do not reproduce the width of the
Gistribution, and are apgcarsently rotated systematicallv about the
0.2um wvalue in such a way tThat their width appears to allow
calaction. T™hass L3rge #evyiiTooas  are certainly due TO several

causes. The mest saricus raizon s surely the fact that the



distribution for this blue pigment tends to be broader for an
autocorrelator, and thus causes the intensity of the scattersd
light to wvary over an excessively wide range. Moreover, the
pronounced deviation of the particle shape from sphericity exerts
an incalcuable influence. For autocorrelators, this distribution
is situated at the upper limit of the measuring range, where a
lcng measuring time is a prerequisite for stable results, Zfor

statistical reasons.

For a value o0f 2mazx which agrees rather well with the SEM rasul:c.
the centrifuge vields a considerably finer distribution, whaossz
deviation toward finer wvalues steadily increases; consequentlv,

the overall curve becomes very flat and broad.

The polarization rotateor coupled with a2 diffraction spsectra
analyzer provides results near the SEM results in the fine range;
in the upper range, however, the values are considerably finer znd

To0 stesep on the whole.

In part, drastic deviaticns are observed with metheds which
theoretically should be capable of operating correctly 1in the
range below 1um; thus, the indicated deviations between SEM and
HELOS appear all the more insignificant. These results verify the
applicability of modified laser diffraction as a method of

cbtaining at least a good, and in many respects a reliabl

{8

approach in the submicron range.

6 Conclusions

A brief survey of the fundamental physical principles and possible
approaches is provided for the application of the Fraunhofzar
method to the analysis of particle size distributions with the use
of so-called laser diffraction. Scattering functicns for the

Fraunhofer solution and the superimposed effects of reiraction and
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absorption with the Mie method are compared; on the ba
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considerations the submicron range up to a value of unid

iac’uded in the successiul Fraunhofer concspt.



On the basis of experimental results, the applicabilitv of the
methcd 1is confirmed by a high degree of reproducibility and the
reliable indication of both qualitative and quantitative size
effects. Present knowledge and experience indicate that
limitations and restrictions associated with the principles
inveolved are no more serious than théy are for other comparable

techniques, or for methods hitherto regarded as more appropriate.

As a designer and manufacturer of measuring instruments, we also
consider 1t ocur responsibility to provide the user with practical
solutions for limiting ranges, too. The topic discussed involves
the Dboundary conditions for the application of Fraunhofer
diffraction in the submicren range. In our opinion, this also
includes the logical and promising extension to 1nformation from
measurements performed with the instrument in the limiting range
with well known but reasonable restrictions on the conclusions
concerned. We consider this approach better than to assure the
user with apparently well proven methods and thus tco impcss

unreasonable demands on his skills in evervday practice.

The necessary 1inclusion of parameters which ultimately cannot be
reliably ascertained, such as the temperature-dependent refraction
coefficient &and abscrpticn coefficient, thereby shifts the
uncertainty of the measured result to inputs by the user and the

external conditicns in the area surrounding the instrument.

In view of the current status of ascertained ‘knowledge, the user
cannot by any means be absoclutely sure of obtaining the "physical
truth" about his product with the application of any measuring

technique whatscever, especially in the limiting randges.

Nevertheless, laser diffraction with the use of the Fraunhofsr
method 1s ia the process of reliably spanning the size rance
between 0.1 and 10000um, and thus of further enhancing its

dominating position amcong optical methods.
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Nomenclature

[l i i

Nlig
Ntot

Matrix of coefficients

Focal length

Smcothing matrix

Imaginary part

Scattering functicon for Fraunhofer solution

Scattering function, as a functicn of the index of absorption
Scattering function, as a function of the refraction
cocefficient

Luminous intensity

Intensity of laser beam

Bessel function of the first kind and zsroth order
Bessel function of the first kind and first
Absorption coefficient

Lumincus power

Index of refraction for the particle
Ccefficient of refraction

Coefficient of refraction for liguid

Total number

Vector of the desired size distributions walues
Density distribution by number

Surface density distribution

Volume density distribution

Cumulative volume distribution

Radius of the focal plane

Abbreviation

Mis parameter
Lagrange multiplier
Scattering angle
Wavelength
Wavelength in vacuum



